We propose a definition of entropy production in the framework of algebraic quantum statistical mechanics. We relate our definition to heat flows through the system. We also prove that entropy production is non-negative in natural nonequilibrium steady states.
Introduction
Let´Ç µ be a £ -dynamical system, where Ç is a £ -algebra with identity and a strongly continuous group of automorphisms of Ç (strong continuity means that the map Ê ¿ Ø Ø´ µ is continuous in norm for each ¾ Ç). The elements of Ç describe observables of the physical system under consideration. The group specifies their time evolution. A physical state of the system is described by a mathematical state on Ç, that is, a positive linear functional such that ´½µ ½ . The set ´Çµ of all states on Ç is a convex, weak-£ compact subset of the dual Ç £ A state is invariant under the group if AE Ø for all Ø. For our purposes we assume that in addition to´Ç µ we are given a -invariant state .
The triple´Ç µ describes a physical system in a steady state. We are interested in effects of local perturbations on such system. A local perturbation is specified by a selfadjoint element Î of Ç and in what follows we fix such a Î . The perturbed time evolution is given by
The pair´Ç Î µ is also a £ -dynamical system. Following Ruelle [Ru2] , we call the weak-£ limit points of the set
nonequilibrium steady states (NESS) of the locally perturbed system. The set ¦ · Î´ µ of NESS of´Ç Î µ is a non-empty, compact subset of ´Çµ whose elements are Î -invariant.
Our first assumption is:
(A1) There exists a strongly continuous group of automorphims of Ç such that iś ½µ-KMS state.
Let AE be the generator of (i.e. Ø ØAE ). We denote by ´AE µ the domain of AE .
´AE µ is a norm-dense £-subalgebra of Ç and for ¾ ´AE µ,
Our second assumption is:
We define the observable 
Remark. The same result (with the same proof) holds for Ï £ -dynamical systems.
In the rest of this section we will discuss some elementary properties of Ô Î´¡ µ. Let
Then, with the particular choice , Theorem 1.1 gives
Since the relative entropy is non-positive, we immediately get Remark. Again, this result also holds for Ï £ -dynamical systems.
Let Ç be the CAR algebra over Ð ¾´ ¿ µ describing a free Fermi gas on the lattice ¿ .
Using some technical results proven in [BM] it is easy to construct a large class of quasifree states and local perturbations Î such that (A1)- (A2) In the next example we relate entropy production to heat flows. Consider two independent systems´Ç µ, ½ ¾, each of which is in thermal equilibrium at temperature Ì . This means that is a´ ¬ µ-KMS state on Ç where 
, then¨½ ¼ and the heat flows from the hot to the cold reservoir. This calculation is easily generalized to the case where AE -level quantum system is coupled to several independent thermal resevoirs.
We finish this section with the following remarks.
In [JP1] we prove an analog of Theorem 1.1 for time-dependent perturbations and discuss the relation between entropy production and the second law of thermodynamics.
In the forthcoming paper [JP2] , we will study NESS, entropy production and heat flows for a model of an AE -level quantum system coupled to several independent free Fermi gas reservoirs (similar models have been studied in [D, Ru1] ).
The entropy production for quantum spin systems has been studied in the recent preprint [Ru2] . À ª µ denotes the GNS representation of the algebra Ç associated to . By (A1), the vector ª is cyclic and separating for Å ´Çµ ¼¼ . Moreover, (A1) implies that is injective. We respectively denote by ¡ , Â and È the modular operator, the modular conjugation and the natural cone canonically associated to the pair´Å ª µ. We also adopt the shorthands Ä Ð Ó ¡ and ´ µ Â Â . Note that To prove this fact, note that after differentiation with respect to Ø both sides satisfy the same differential equation with the same initial condition at Ø ¼ .
To compute the relative entropy ÒØ´ AE Ø Î µ, we will use Equation (2.9) and the fact that the Radon-Nikodym cocycle can be expressed as
By definition of the relative modular operator, for any ¾ Å we have
Using Relations (2.6) and (2.8), we further obtain
It follows that 
